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The Pivotal Firm Merger Model
N firms, i =0,1,2,..., N — 1.

N — 1 possible but mutually exclusive (CS-increasing) mergers: Mi =
{0,i},iel,..,N—1.

Payoffs:

— Firm 4’s stand-alone flow payoff (in the absence of a merger) is u;.

— Following merger M3, joint flow payoff of merged firms is wug;, flow
payoff of outsider j is u;(Mi) < u;.

— Assume that each merger M7 raises bilateral profits: ug; > ug + u;.
Time is discrete. There is an infinite horizon.

In each period, one firm is randomly chosen to be the proposer. Firm i is
chosen with probability A; > 0.

Let 6 € (0,1) denote the (common) discount factor. We are interested in
the limit as § — 1.

We seek the stationary equilibrium.

Let V; denote firm ¢’s per period value at the beginning of each period.
Let V; denote firm 7’s value in the limit as § — 1.

Let p;; denote the unconditional probability that firm i proposes a merger
to ?rm j, where > i Pij < Ai. Let p;; denote that probability in the limit
as 0 — 1.

Equilibrium Analysis

Let I = {i|poi > 0 or p;p > 0} denote the set of firms involved in a merger
that occurs with positive probability.



o Let Iy = {i|po; > 0} denote the set of firms to whom firm 0 makes an offer
with positive probability. Note that Iy C I.

Claim 1. In stationary equilibrium, ), po; = Ao. Moreover, if pg; > 0, then
Pjo = Aj-

Proof. We first show that » . po; = Ao. Suppose otherwise that >, poi <
Xo. Consider firm i € T = {i|pg; > 0 or p;o > 0}. (It is straightforward to see
that I must be non-empty as, otherwise, V; = u; for each firm j € {0,1,..., N —
1}. But then each proposer j can profitably deviate by proposing to merge.)
Since firm 0 must weakly prefer waiting to proposing merger M4, we have

ug; < (1 —08)(uo +ug) +6(Vo + V3).

However, as i € I, the merger M1i does occur with positive probability, implying
that we must have

ug; > (1= 6)(ug +u;) + (Vo + Vi).

Hence,
Ug; = (1_6)(U0+U1)+6(V0+‘/2) (1)

Firm 4’s value is given by

Vi = pio [uos = (1= 8)uo = Vol + > (pjo + po;)ui (M)
JeI,j#i

+ | 1+ poi — Z(Pjo +poj) | [(1 = 6)u; + V]
jer

But, using equation (1) and the fact that u; > u; (M), this implies that V; < u;.
Equation (1) and the assumption that ug; > ug + w; then imply that Vi > ug.
Whenever firm 0 is not the proposer (or does not propose a merger when it is
the proposer), it receives (1 — §)ug + dVp, which is strictly less than Vy. Hence,
for firm 0 to have a value strictly exceeding (1 — 0)ug + dVp, it must propose
a merger with positive probability, and the profit from proposing this merger
must exceed V. That is, letting Iy = {i|po; > 0} C I, for j € Iy we must have

ugj — (1= 8)uj; — 6V; > Vo > (1 — 6)ug + 6V4.

But this contradicts equation (1), implying that > .., po; = Ao-

To see that py; > 0 implies p;0 = A;, suppose otherwise that p;0 < A;. But
this implies that equation (1) must hold for firm ¢, and so V; < u; and Vy > w.
As i € Iy, we can use the same arguments as above to show that

uo¢—(1—5)u¢—5Vi>V0>(1—5)u0—|—5V0,

contradicting equation (1) and thus implying that p;o = A;. O



o Let I = {i[py; + pip > 0} and Iy = {i[py; > 0}.

e Note that if ¢ € I, then ¢ € I for § arbitrarily close to 1, while the reverse
does not hold. (The same holds true for the relationship between Iy and

Io.)

Claim 2. In the limit as 6 — 1, the bilateral gains from any merger are non-
positive in the sense that

ugi — (Vo + V) <0, Vi € {1,2,..,N —1}.

If the merger occurs with positive probability in the limit, the equation holds
with equality: - B
Upg; — (V0+V1) :O, Viel.

Proof. Suppose first that i ¢ I for § close to 1 (which implies that ¢ ¢ I). Firm
1 must weakly prefer waiting over offering merger Mi. Therefore,

Ui — (1 75)(U0+Ui)+5(VQ+V;) S O7

which limits to L _
UOZ’—(VO+V1') SO, Z¢Iv

as asserted. 3
Suppose next that i € Iy, which implies that i € Iy for § close to 1. Firm
0’s value is given by

Voo = 3 poifuo — (1= 8)us — 8V + (1= ho) [(1 — B)uo + 6Vo]

> poi [uoi — (1 —8)u; — V] + (1 — Xo) (1 — d)ug
1—30+0)N ’

where we have used the fact (from Claim 1) that ) . po; = Ag. Since firm 0 is
indifferent between offering a merger to any firm ¢ € I, firm 0’s value can be
rewritten as

)\0 [U()i — (]. — 5)11,1 — 5‘/1] + (]. — )\0) (]. — 5)’LLO )

Vo= 1— 6+ 00X

In the limit as 6 — 1, we thus obtain
Ug; — (Vo +Vl) =0, Vi e To.

Finally, suppose that i € T but i ¢ I, which implies that i € I for § close to 1.
Firm ¢ must weakly prefer offering merger Mi over waiting. Therefore,

up; — (1= 0)(uo +wi) +6 (Vo +V;) >0,

which limits to -
ug; — (Vo + Vi) > 0.



However, as i ¢ Iy (and as, from Claim 1, Iy is nonempty), Vo = ug; — V; >
ug; — Vi, j € Iy. Hence,

up; — (Vo+V;) =0, Viel
O

Claim 3. Suppose firm ¢ > 1 is such that Z#i (ﬁoj —|—ﬁjo) > 0. Then, firm ¢’s
limiting value is given by

= Poj T Pjo .
Vi= = — | wi(Mj).
; <Zl;ﬁi (Po + Pro)

Hence, by Claim 1, in the limit as § — 1, at most one firm ¢ > 1 can earn any
rents.

Proof. We have

Vi = pioluoi — (1= 8)uo — Vo] + > (po; + pjo)ui(Mj)
J#i

+ 11— pio— Z(POJ‘ +pjo) | [(1 = &)u; + 6Vi].
[ET

Rewriting, we obtain

1-46+0 pi0+2(p0j +pjo) | | Vi
i

= pio [uoi — (1 = 8)uo — 6Vo] + Y _(po; + pjo)us(My)
J#i
+ 11— pio— Z(pOj +pjo) | (1 = d)u,.
Jj#i
In the limit as 6 — 1, the equation becomes
Pio T Z(pOj +Pjo0) Vi="pio [“02‘ - VO] + Z(ﬁoj‘ +Pjo)ui(Mj). (2)
J#i J#i

From Claim 2, we know that p,, > 0 implies ug; — Vo = V;. But this allows us
to rewrite equation (2) as

Pio + Z(ﬁ()j +750) | Vi=0Vi+ Z(ﬁ()j + Pj0)ui (M),
Jj#i j#i



ie.,

= Poj + Pjo .

-3 (PR oy
Zi Zj;éi (pOj + ij)

Note that unless i € Ip, Ip is a singleton, and p;; = 0 for all j # 4, the

denominator is strictly positive. (If Iy is not a singleton, then there exists

another firm k € Iy, k # i. But our previous claim implies that p,o = Ag.) O

o Let h(i) = argmax;x; ug; — uj(Mi). Generically, h(¢) is unique. (Intu-
itively, firm A(7) is the firm that is willing to bid most to prevent merger

Claim 4. Suppose there exists a unique firm k£ > 1 such that py, + prg > 0
and py; = p;o = 0 for all ¢ # k. Then, for § close to 1, we have por, = Ao,
ko = Ak, po; = 0 for all i # k, and p;o = 0 for all ¢ # k, h(k). Moreover,
uor — ur(Mh(k)) > uope) — unk)(ME). In the limit as § — 1, the per-period
values are given by

— A

Vi = min {Uk + " _f)\k [uor — (uo + ur)] , uok — [ton(k) — uh(k)(Mk)]}
Vi = w(Mk),i#k

_ A

Vo = max {UO + )\OTOM [uor — (uo + uk)], Yon (k) — Uh(k)(Mk)}

Proof. Note first that Claim 1 implies that pox = Ao, pro = Ak, poi = 0 for all
i # k for § close to 1. (To see this, note that, as py;, > 0, we must have pro = Ay
for ¢ close to 1. We can’t have pgy; > 0 for § close to 1 as this would imply that
pio = A;, which is inconsistent with p,, = 0. Claim 1 then implies that por = Ao
for & close to 1.) From Claim 3 we obtain that V; = u;(Mk) for all i # k.

Next, we assert that p;o = 0, 7 # k, h(k), for ¢ close to 1. To see this, suppose
otherwise that p;o > 0 for some i # k, h(k). As p;o — 0 as 6 — 1, firm ¢ must
indifferent between offering to merge with firm 0 and waiting, i.e.,

Up; — (1 - 6)7.L0 - 5V0 = (1 - 6)U1 + 5‘/1,
which limits to o
uoi — Vo = u;i(ME), (3)

using the earlier observation that V; = u;(Mk). But this implies that firms 0
and firm h(k) have a strict bilateral gain from merging (even in the limit as
d—1):

Uon (k) — Vo = Uon(k) — [toi — ui(ME)] > Vi) = una (MEk),

where the inequality follows from the definition of h(k) and the fact that ¢ #
h(k). But this contradicts the assumption that ), = 0. Hence, pjo = 0,
i # k,h(k), for ¢ close to 1.



We now assert that uop — up(Mh(k)) > uopk) — ) (Mk). To see this,
suppose otherwise that

ok — uk(Mh(k)) < Uoh(k) — uh(k)(Mk).
However, as merger Mk happens with probability 1 in the limit, whereas merger
Mh(k) happens with probability 0 in the limit, we have
uok — Vi = Uon(k) — Vik)-

This implies that Vi < ui(Mh(k)). In the following, we will show that this
leads to a contradiction. In doing so, we distinguish between two cases.

Case (i). Suppose py(r)o = 0 for § close to 1. Then, recalling thatp;y = 0
for all i # k, h(k), we obtain

Vie = X {UOk — (1 — 5)U0 — 5%} + (1 — >\k) {(1 — 5)uk + §Vk}

- ﬁ {A [uok — (1 = 8)uo — 6Vo] + (1 — Ag)(1 — d)u}
and
Vo = Ao{uor — (1= 8)up — 6V} + (1= Xo) {(1 = &)ug + 6Vo}
= ﬁ {o [uor — (1 = 8)ug — Vi) + (1 — Xo)(1 — §)ug} -

Inserting the second equation into the first, we obtain
{[1 -5+ 5>\k] [1 -0+ 5/\0] - >\O/\k52} Vi
= [1=084 o] { Pk [uor — (1 —)ug] + (1 — Ap)(1 — S)ug}
—(S)\k {)\0 [uOk — (1 — (S)Uk] + (1 — )\0)(1 — 5)’11@}
= (1 — 5)/\ku0k + []. ) + 5)\0 - (]. - 6))\k] (]. — 5)uk
—Ak(l — (S)UO
Hence,
_ /\ku()k + [1 -0 + (5)\0 - (1 - 5)>\k] Uk — )\kuo
1—=80+dNo+ M) ’

Vi

which limits to

Vi = up+ [uor — (uo + ur)]

Ak
Ao + A
> up(Mh(k)),
where the inequality follows from ug > ui(Mh(k)) and ugx > ug + ugx. But this
is a contradiction. Hence, uor — ux(Mh(k)) > uop k) — un)(MKk) in this case.
Case (ii). Suppose pyr)o > 0 for § close to 1. (Recall that p;o = 0 for all
i # k,h(k).) As firm k can always choose not to merge, we have

Vi > ph(k)ouk(Mh(k)) + (1 - ph(k)o) [(1—0)ur + dVi]

Ptk (Mh(k)) 4+ (1 = prayo) (1 — 8)uy
1 =04 dpn(r)o

> uk(Mh(k))



Hence, in the limit as § — 1, Vi > ux(Mh(k)), a contradiction. Thus, ugx —
up(Mh(k)) > uopr)y — unk)(ME) in this case. To compute the values in this
case (ii), note that as firm h(k) must be indifferent between offering the merger
and waiting (when ¢ is close to 1), we have

uon(ky — (1= 6) (uo + unky) + 6 (Vo + Vi) = 0.

In the limit, this yields

Vo = uon(ky = Vhk) = Uon(k) — Un(k) (MEk).

Recall from above that the value of firm k is

Vi

1

o5 ran, e fwor = (1= 8)uo =0V + (1 = A)(1 = d)us}

which limits to

Vi =uox — Vo = uor — [UOh(k) - Uh(k)(Mk)] :

Finally, to see that the value of firm 0 is the maximum of its value in cases
(i) and (ii) (and thus, firm &’s the respective minimum), note that firm 0 can
always choose not to accept a merger offer from firm h(k). O

e What can we say if there exists a firm k such that uop — up(Mh(k)) >
Uon(k) — Un(k) (Mk)?

— It is straightforward to construct an equilibrium where py, = Ao,

Pro = Ak, and py; = po = 0 for all ¢+ # k. The equilibrium is
characterized by Claim 4.

Is this the only equilibrium? The answer is no, not necessarily as
there may exist another firm [ # k such that ug — wi(Mh(l)) >
Uon (1) — Un() (M1).

However, if firm k is such that ugr — ur(Mi) > wo; — u;(Mk) for
all ¢ # k, then Claim 4 tells us that there cannot be an equilibrium
where py; = Ao and p;y = A; for some j # k, and py; = p;p = 0
for all ¢ # j. Generically, we can’t either have an equilibrium where
there are exactly two firms, say j and [, such that py;, + p;0 > 0
for i € {j,1} and py; + p;o = 0 for i ¢ {j,1}. (To see this, note
that, in this case, V; = w;(Ml) and V; = w;(Mj). But unless
ugj — u; (M) = ug; — w(M3) this cannot be an equilibrium.)

The question then is whether we can have an equilibrium where T
has at least three elements (which may or may not include firm k).
Let _ _
3, = Poi + Pio
> (Poj + 7o)



denote the probability that merger M7 occurs in stationary equilib-

rium. We have
Sa-1

For any two firms i,j € I, we would need

b 8
; 1 *lﬂi [uo; — ui(M1)] = ; 1 *lﬂj [uoj — uj(MI)].

Does such a solution with interior 3’s exist even if there exists a firm
k such that wop — ug(Mi) > uo; — u;(ME) for all ¢ # k?

Example. The following numerical example shows that even if there exists a
firm & such that wog — ux (M) > ug; —u;(MEk) for all i # k and ug, —up(Mj) >
uo; — u;(Mj) for all 4, j # k, there may be an equilibrium in which py; + 7,5 > 0
for some i # k. In the example, firm 1 takes the role of firm k and we construct
a candidate equilibrium where I = {1,2,3}. Suppose ug; — ui(M2) = 10,
ugr — U1(M3) = 5, up2 — UQ(Ml) = 9, ug2 — U2(M3) = 4, up3 — U3(M1> = 4.5,
and up3 — U3(M2) = 9.5. Then, VO = Upg1 — 71 = Up2 — Vz = U3 — Vg if
B1 = 0.30731, By = 0.097266, and (B3 = 0.59543. However, if one modifies the
example by assuming that ugs — us(M1) = 3 and ugz — ug(M2) = 8, then there
does not exist a vector of probabilities (31, 32, 33) such that T = {1,2,3}.

Claim 5. Suppose there exists a firm & such that uor — ux(Mh(k)) > uopk) —
up k) (Mk). Then, for ¢ sufficiently close to 1, there exists a stationary equi-
librium such that T = Iy = {k} (and therefore characterized by Claim 4).
Moreover, if ugr — uk(Mi) > wo; — u;(Mk) for all i # k and w;(Mk) < u;(My)
for all 7, j # k, then this is the unique stationary equilibrium.

Proof. The part on existence is straightforward: firm 0 should optimally make
an offer to firm & with maximum probability (the payoff from doing so always
weakly exceeds the payoff from making an offer to any other firm), firm & should
optimally make an offer to firm 0 with maximum probability (as this is better
than the status quo, Vi > ug, if ppx)o = 0 and better than the alternative
merger My, Vi > ur(Mh(k)), if ppyo > 0 for 0 close to 1), and all other
firms are weakly better off not making an offer to firm 0 (as V; < ug; — Vp) for 6
close to 1, but if pj,x)0 > 0, then Vi) = uon) — Vo so that firm h(k) is indeed
indifferent as to offering a merger.

We now prove the part on uniqueness. Suppose the assertion is wrong so
that there exists an equilibrium in which either I = {j}, j # k, or else I contains
at least two elements. Suppose first that I = {j}, where j # k. Claim4 then
implies that woy — uk(Mi) < ug; — u;(ME), contradicting the assumption that
uor — u(Mi) > ug; — u;(Mk) for all i # k. Hence, I must contain at least two
elements.

By Claim 2, Vy = ug; — V; for all i € I. By Claim 3, for any i > 1,

Up; — Vl = Z 1 [_335 [UOi - uz(M.])} )




where _ _
Poi T Pio
> (ﬁOj "‘ﬁjo)
As u;(Mk) < u;(Mj) for all 4,5 # k, this implies that

Bi =

uoi — Vi < ug — ui(ME),

so that -
Vo< min {ug —u;(MEk)}. (4)
ieI\{k}
Now,
= B .
uop — Vi = Z -3 [wor — k(M j)]
Zk k
> 30 P oy (M)
1 -
J#k
> min {ug; —u;(Mk)}
i€I\{k}
Z VO)

where the first inequality follows from the assumption that wgr — ug(Mi) >
uo; — ui(MEk) for all i # k, and the last inequality from equation (4). But
uor — Vi > Vo is a contradiction to Claim 2. Hence, I = {k}. O

Remark. The sufficient condition for uniquness of equilibrium with I = {k} in
Claim 5 is closely related to the notion that merger Mk is an “efficient and
negative-externality free” state (Gomes and Jehiel, 2005). The condition that
u;(Mk) < wu;(Mj) for all i,5 # k is indeed just the statement that merger Mk
is a negative-externality free state. (In the context of mergers in the Cournot
model, the condition says that merger Mk maximizes consumer surplus.) Ac-
cording to Gomes and Jehiel (2005), a state is efficient if it maximizes joint
payoffs of all players. If merger Mk does so strictly, then in our model this
amounts to saying that

ok + Y i (Mk) > ugy + Y u; (M), Vi # k. (5)
%k il

But this equation, in conjunction with u;(Mk) < u;(Mj) for all 4, j # k, implies
that merger Mk bilaterally “beats” every other merger. To see this, note that
the RHS of the equation (5) is weakly larger than uo; +uwi (Mk)+3_;; 5, u; (Mk)
as u;(Mk) < wu;(Mj) for all 4, j # k. Now, this implies that

wok + w (Mk) > uop +u(Mk), VI # k.

But this is nothing else than our condition that merger Mk bilaterally beats
every other merger. That is, the sufficient condition for uniqueness in Claim



5 is implied by the assumption that merger Mk is an efficient and negative-
externality free state.!

e Suppose that we can find a set of firms, say I, consisting of at least three
elements, and a vector of probabilities (Br) with >~ B = 1 and B > 0
iff £ € I such that

Z 1 fjﬂi [uoi — ui(M3)] = Z 1 fjﬂk [uor — ur(M3)] Vi k € 1.
J#i J#k

The question is: Can we find a set of limiting probabilities p, ;, satisfying
(i) the feasibility constraints 0 < >7.p;; < A; and (ii) the equilibrium

constraints on the p’s implied by Claim 1, such that
PoitPio  _ 3
32 (Poj +Pj0)

Example. Suppose that there is a set of firms, say I, consisting of exactly three
elements, and a vector of probabilities (8) with >, G =1 and 8, > 0iff k € 1
such that

> & - [uoi — wi(Mj)] =) 1 fjﬁk [uor — ur(Mj)] Vi, k € I.
Jj#k

Then, as we will now show, there exists a set of limiting probabilities p;;, sat-
isfying (i) the feasibility constraints 0 < }Z.7p;; < A; and (ii) the equilibrium
constraints on the p’s implied by Claim 1, such that

Poi t Pio
_ PoiTPio ’ 6
> (Po; + Pj0) ’ ©

Relabel firms such that

BB B
AT A T A3
We need to distinguish between several cases.

Case (i). Suppose f[3/82 > (Ao + A3)/A2. Then, set py3 = Ao, and thus
Poi1 = Poz = 0 and Py, = A3. Moreover, set Py = (Ao + A3)B2/05 and
P10 = P2081/B2 = (Ao + A3)B1/0s. Note that these probabilities satisfy (6)
by construction. We still need to verify that pyy < A2 and 5,y < A;. But the
first inequality follows immediately from the assumption B3/82 > (Ao + A3)/Ae,
and the second inquality from the assumption 81 /A1 < 2/ As.

Case (ii). Suppose f3/82 < (Ao + A3)/A2 and B3/81 > (A3 + po3)/A1, where

Fos = (Ao + A2)B3 — X332
B2 + B3

T am somewhat sloppy here about whether certain inequalities have to hold strictly or
weakly. But, generically, this does not matter.

10



(Note that pp3 > 0.) Then, set pys = Ao — Pos, Po3 = Po3, and thus gy, = 0,
Pao = A2 and ps3g = A3. Moreover, set 51, = (A3 + po3)51/83. Note first that
these probabilities satisfy (6) as
P30+ Poz (B2 4 B3) Az + (Ao + A2) B3 — A3f2
Poo+Po2 (B2 B3) A2+ Xo) — (Ao + A2) B3 + A2
(Ao + A2 + A3)033
(Ao + A2+ A3) 52
I&;

2

w

and

A3 + (Ao+A2)B3 =362

P30+ Po3  _ B2+03
P B (Ao+X2)B3 =362
P10 Bs (/\3 +22 32+IS33 ) )
_ B ((52 + B83)A3 4+ (Ao + A2) B3 — >\352)
B1 \ (B2 + B3)A3 + (Ao + A2) 83 — A352
B3

B
Finally, we need to verify that p;; < A;. But this follows immediately from the
assumption that 83/01 > (As + po3)/A1.
Case (iil). Suppose B3/082 < (Ao +A3)/A2 and B3/81 < (A3 + po3)/A1. Then,
Pio = A for i € {1,2,3}. Moreover,

Poa = Ba(Ao+ A+ A2+ A3) — Ao
Pos = Bs(Ao+ A1+ A+ A3) — As,
so that
Po1 = Ao —Po2 — Pos

= Ao+ A+ A3 —(B2+F3) (Ao + A1 + A2 + A3)
= ﬁl(/\0+/\1+>\2—|—/\3)—)\1.

Note that our assumption that 8;/A; < f2/A2 < f[3/A3 implies that if py; >
0, then pgs > 0 and py3 > 0. Hence, it suffices to verify that p,; > 0 or,
equivalently, pgs + Po3 < Ao, i€,

(B2+B3) Ao+ A1 +da+A3) — (A2 +A3) < Ao,
or (using that 31 + B2 + (33)

(B2 + B3) A1 < Bi(Ao + A2+ As).

11



Rewriting, we obtain

A1 < Ao+ A2+ A3
B B2 + B3
(Bt B3)A3+ (Ao + A2)B3 — A3
B (B2 + B3) 3
I R ==
B B3

But this inequality holds by our assumption that 83/81 < (A3 + po3)/A1-

Define firm i’s willingness to pay to prevent firm j from winning to be W; =
Uoi — ui(J)- .

Define j’s maximal willingness to pay against mergers in set I as w’ (I) =
max;e; W7 and its minimal willingess to pay against set I as W/ (I) = min;er W;.
Note that our results tell us that if we have a random equilibrium in which merg-
ers in set I win with positive probability (in the limit), then N;e; [W? (I), W’ (I)]
is nonempty.

Define <p as the bilateral beating relation i <p j <= W; < WZJ .

As before, define h(i) = arg max; W7.
Claim 6. Suppose we have a cycle of n mergers 1, ...,n, such that 1 = h(n) and
i=h(i—1)fori>1,and1<p2<p..<pn <pl. Then Nic;[W’(I), W’ (I)]
is nonempty.

Proof. The nonempty intersection condition is equivalent to

=57 i
I) > I
W( ng;&( ) (7)
and _ ,
()< min W'(I
w()_ierg{géjW() (8)

for all j € I. Since firm j has the highest willingess to pay against firm j — 1
for 7 = 2,...,n and firm 1 has the highest willingness to pay against firm n we
have:

Wl
Wi,

Wi fori#1,n
W/ fori#j—1,j

VAR

Thus, for j # 1 we have
W (1) =W/, >Wi_ foralli#j—1,j

Since W;_l > W(I) for all i # j — 1,4, this implies (7) for j # 1. A similar

12



argument implies (7) for j = 1. Now consider (8)for j # 1. We have
Wi(I) < min W/
i#j—1,5
= min{W/ ,  min W
Wig) i#~1,3,h(j) )
< min{min Wh(j),Wh(h(j)) ,  min Wi
- {min{i¥; h) ) i#i-14.h(G) ;
< min W'(I),
i€1,i4]
which establishes (8)for j # 1. (The second inequality follows because j <p
h(j) implies W}Z(j) < W;L(J), and W/ < Wih(z).) Again, a similar argument
holds for j = 1. O

Remark 7. Note that if there is no limiting equilibrium in which only one merger
happens with positive probability, then there must be such a cycle.

Example. Let the payoff in the initial (pre-merger) situation give each agent
u; = 0. Payoffs under different mergers are:
M1 M2 M3
Firm1 3 -1 -3
Firm2 -3 2 -1
Firm3 -1 -3 2
So, Wy = 4; Wi =6, W = 5;W2 = 3, and W} = 3; W3 = 5. This has a
cycle, and the intersection (overlap) interval is [4,5]. Let W be the equilibrium
willingness to pay of each firm. So, in a limit equilibrium there are (51, 02, 33, W)
such that 3; € [0,1], >, 3; = 1, and

B2 B3 B
(ﬁz+ﬁ3>4+<52+ﬁ3)6 =
B Bs B
(51+53)5+<51+53)3 =W
B B2 _
(51+52>3+<51+52)5 =W

Note that §; € [0,1] is insured by W € [4,5]. Rewriting this we want

Ba(d—=W)+B36-W) = 0
Br(5—=W)+B3(3-W) =
61(3—=W) 4+ B2(5— W)

Substituting for 8; from ). 3; = 1 these become:

(4 =W)+B3(6-W) = 0
(5-W) =525 -W)—2083
(B3=W)+28,—s3-W) = 0.

I
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Solving the first equation for 8y = —f3 (%) and substituting we get:

s-w)+me-w () -2 = o
(3W)63[2(i:3//)+(3wn = 0.

The first equation says that

_ (6-W)(4-W) _ (6-W)(W —4)
53__(5—W)(6—W)—2(4—W) T B=W)(6—W)+2(W —4)

while the second says that

B (3—W)(4—W) B (W — 3)(W — 4)
53_2(6—W)+(3—W)(4—W) T206—W)+ (W =3)(W —4)

The difference is

_ (6-W) (W —-3)
A= (@=W) G-W)6—W)+2(W —4) 2(6—W)~+ (W —3)(W —4)
A=W)s(W)
where
S(W) = B=W)26—W)+ (W —=3)(W —4)]— (W =3)[(5-W)(6—W)+2(W —4)]
(5—W)2(6 - W) — (W —3)*(W —4).

Note that 6(W) is a cubic, so it has at most two values on R of W at which the
sign of its slope changes. Now, 6(4) = 2 and 6(5) = —4. Moreover, ¢'(4) = —4
and 0’(5) = 4. Together this implies that there is a single value W* € [4, 5] at
which §(W*) = 0.
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